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Some Elementary Forms

L. f df(x) = f fr(x)ydx = f(x)y + C.
2. f adu = a f du.
3. f (du £ dv + dw = ) = f do + f dv + f dw = ...

4. I u'du = u + C. (n#-1)
n o+ 1

5. j % = Inun + C.

Rational Forms containing a + bu

See also the Binomial Reduction Formulas 96-104.

(a + bu)y"
6. (a +buyda= — " (n# —1)
J‘ b(n + I}
du 1
7. = -In(a + bu) + C.
’r a + bu b
u du 1 .
. vt e = —= (@ + bu - aIn{a + buw)| + C.
f a + bu bl[ { )
u? du 1 .1 .
9. ———— = — | ={a+ by - 2aa + buy + a’ln(a + bw| + C.
j a + bu b? l2( ( ]
u du 1 a
10. = | —— 4+ In{a + bu)y | + C.
f(a+bu)2 bl[a+bu ( ]
1. f _uwidw 1 [a ybu— -2~ 2ainq@ + bu ] el
(a + bu)? b? a + bu
. fooude N[ T ‘ ]+
(a + bu)® b? a + bu 2(a + bu)?
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3. f

14.

15,

6. [
7.
J

9. [
20. |

_dw (At )
u(a + bu) a u
Lodu L b ()
u’(a + bu) au u
du
= ! —Ll(aeru)JrC.
u(a + bu)? a(a + bu) a? u
Rational Forms containing a? + b?u?
du = L arc tan 111.'-' + C.
a’ + b%u ab a
du Lo (arbuy, e (a* > bu?)
a? b*u? 2ab a — bu
du - ! ln( bu —a )+C. (a* <bu?
b?u? — a’ 2ab (bu + a)
3 2,2yt
18. j u{a? £ b2ud)"du = 2 =+ b n#* - 1)
+2b3n + 1)
u du ! In (a®* + b*u?) + C.
a’z + bu? + 2b?
u™ du o um'
(a’ = biu?)y” +bh* {m-—-2p+1)(a* + b’
@mo [y
+b¥{m — 2p + 1) (a? + bu?)”
u” du - um!
{a’ + b2y 2af(p - 1y)(a* + b2y
m ~ 2p + 3 J‘ u™ du
2aip - 1) {a? + bl
2
_oode ( u ) e
u(a’ + bu?) 2a’ a* + b’
N du _ I
u“a® = bl a‘(m — 1yu™?(a* + buy
+=b’(m + 2p — 3) du
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24, j’ du _ o 1

u™a* = by 2at(p — lut{at + bt

-+

m+ 2p — 3 I du
(11(p -1 " (a? + bt

Forms containing va + bu
The intergrand may be rationalized by setting a + bu = v2 See also
the Binomial Reduction Formulas 96.104.

2(2a — 3bu) (a + bu)ﬁf2
15b?

f uya + budu = - + C.

26, f 42V T bu du = 2(8a? — 12abu + 15b*u? (a + bu) L C

105b*
3
2u™ (a + bu) ? 2am ,
27. "a + budu = - u™'ya + bu du.
Jow v b2m + 3) b2m + 3) J

78, f udu 2(2a — bu_)z\/'at + bu L C

va-+ bu 3b
29, j w*du _ 2(8a’ — dabu + 3bu? a + bu +C.

va + bu 15b*
30 u™ du _ u”va + bu 2am I u™! du

’ va + bu b2m + 1} b2m + 1) va + bu

11. J- du _:L_] “d+-6‘ﬁ\/_)+(3,l‘0ra>0.

u/a + bu  Va va+ bu + va
32. _r du = 2 arc {an a .+ bu C, fora<o.

u/a + bu  V~a !
1 o du _ _ _Va+ bu _ b2m - 3) f du

’ u™ya + bu a(m — hHu™! 2afm — 1) u™'/a + bu
34. f 4_&+‘5ﬁdu = 2v/a + bu +_a_f ____du
u w/a +
5. Vatbudu _ (@+bwy”  bem -5 I + bu du
ur a(m - lu~"! Za(m -~ 1) g
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Forms containing ut o+ u?

In this group of formulas we may replace

In (u + V/ u* + a% by sinh™, l—l

Infu + u? *d)b}’LOShA
ln(a+ ,u *a )bysmh‘«-

1+

6. j (u* + az)‘fz du = g u?

al + —2—ln(u + 3y ur x al) + C.

2 2y 72
37. w e oanrdy = W Ea) T + )" dun £ -1
f( ) m + 1 n + 1 f(u ) u.(n )

>+ ay”?
n+ 2
rll +1
um-l(ul i aZ) 2
n+m+1
+a*m — 1
— +( - 1) J’ - l(li + al) "y du.
n Im

._Ju_——:ln(qu vVu? +ah) + C.

2 n'2
{(u* = a?d

38. f u(u? + az)""du == + C. (n# -2)

39. f uu’ + a?) *du =

40.

41.

3
(u* + a?) " +azy/u? + a’

S
S
2, [ wde o @ixa)s C
J
J
J

(u? + a’* 2~-n
2 2
43. (_u;__i(;_‘j)g; — % u® + a® — izﬂ fn@u + Vut+aj) + C.
44 u® du N u C+dn(u + Vutah)+ C.
(u* + ay%, Vu +a
45 _undu LU £a*(m= 1) [ _m-2du_
‘ (u? = 31)2 N (m — n ~- 1)(u* = a*)! - m-n+1 (u* + a7,
(u* + a% + a*(n —2) (u* = a*)i
. m —n+ 3 J- u™ du
+ a*(n — 2} ut + af)ve
_ T
47_f du =_1[n(3_+__.__9___1)+(j_
a u

u(u? + ah'?
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T T T

u
= —arcsec - + C.
a a

u(u? — a?'z

2 . a2
g9, . du o _ _vVura .

1
uus + a? 2

s0. | du Lo Vwra tn(a+\[ttlz—”_2)+c.

UJ(UZ ¥ a2)1-’1 2a*u? 2a’
T | L2
1. j du = 4 a + l arc sec 4 + C.
us(uz _ az)ll’z 2a%y? 2a? a
d 1
52. f _____u_ﬁ - — __
um{u? « a? ' +a¥(m — Du™'(u? + a¥) ?
. om +n - 3 f du
+a'(m - 1) um—:(uz + az)"/;
du 1
53. = : .
umu? + ay)’’2 +ain — 2u™'(u? £ a?)
m+n— 3 f du
iaz(n - 2) um(uz + aZ)nl'z -

54, f m = vu+ az—a_]n(b 'uz-i—az)+ C.
Li u

I n ' _
35 f (u? - a) Fdu _ v ut - al -—aarcsec§+c.

I

SG_IMI_@R+1H\/W:)+C_

u? u
n n +1
57 f (u* £ a’)?du _ (u? + a?) '
) u” +a*m — Lu™!
m-n—3 (u? £ a?) '*du
+aim — 1) um?
58 f (u? = a% "2 dqu -~ (u? + a?)'’z + a’n J,_(uz + az)"fz-'du
N R T e u
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Forms containing v/ a* — u?

e 2 in ¥
59. [ @ - un" du-= gx/aa Ty g oaresmo+ G

u@’ - u? an @ u)™ e (o 1)

60. j (@ - ud 2 du =

n+ 1 n + 1
1 P u (@ — u)"!
61.Iu(a—u)2du: - - + C. (n# — 2)

um! (az _ UZ)"/fi
n+m+ 1

62. f um (@t — ud)rdu =

2 _ "
am - 1) _J’ u™¥a? — u}) ’? du.

n+m+ 1
63! j- $, = arc sinl—] + C,
(az _ UZ)l-’z a
64 f du 3 = d + C
(‘az _ UZ) /32 arv/aZ — u?
2 o oni-"2
65. f u du _ (a u? L C
(a? — uz)"f‘z n— 2
2 z .
(Sé.f;udu*:kE al —u’+ 2 arcsin S + C.
(a? — uz)llz 2 2 a
2
67. I u” du = - ~ arcsin = + C.
fa? — UZ)"/‘Z v/ a? — u? a
m m-1 2 _ m-2
68.f u™ du o u 4 a*(m 1) u™? du
(a* — uz)"fz (m — n + 1){a*—uh /g m-n+ 1 (a? — u2) /2
69. j u™ du _ um*? _ m-—n+3 u™ du
(a? — uy)": at(n — 2) (@a* — ud)"a al(n - 2) (a? — u¥)™at
z 142
0. [ o Ip(ErVa-wy e o L A s
u(a? — ul)llz a u a u
2 2
71._[ du f:f**uzujtc.
uz{az = uz)‘fz a“u
du a‘* — u? 1 a+ ya-u
72. = — - mh{ — Y= = }J+C
f 2atu? 2a ( u )

uia? - uz)'fz
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2 _ 2
= — a ut 1 cosh 2 + C.
2a*u? 2a’ u
ETN L —— 1 __
u™a: — u? 2 a¥m — Du™'(a® — v?)
m+n—3 du
a? (m . 1) ur? (al _ ul)".fz
4. du — = ! -
um(a? — u?) /2 a¥n — 2 ta? — uz)“f;
m+n—3 du
a'(in - 2) urat - uz)’*fz
r _ o,y 2 . v az — el N
75, @ uh) “du az~u2-—aln(—_ﬁ_u——a+ a u)+g
) u
=ya - u* - acosh™ 2 + C.
u
2 2 2 2 _ 12
76. f LGl Uz) du _ _ Val-w arcsin ¥ + C.
u u a
— u? ? 2 2 M _ — gy
77‘r(a )du:_ {a u?) +mn3j(a u? “du
az(m . l)unkl 2(IT1 _ um?
_22 2 _ a3 a2
TSI (a’ ) du: (a u?) + J’ (a2 — u?) *du
n —m + lu? n—-—m+1 u™

Forms conlaining V/ 2au = u?

The Binomial Reduction Formulas 96-104 may be applied by writing

1
2au + WX =u’ (Qa = u)”’

79. f v/ 2au — u*du =

— az
2au — u? + —arccos(l fE)+C.
2 a

2 _ 3
80, fu V2au — uidu = — da’ + au — 2w \V 2au -~ u?

6

E

E—arccos(l _t + C.
2 a

+

81. f u” mu - _ Umil(zjrau _ u2)3.'1

m + 2
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+ a@m + 1) J’ um y 2au — u’ du.

m + 2

sz.f@£:m+amm([_g)+o
u a
m 2/ a0 = ut J ,
g, [ M wid _E areos (1-4) s

3
(2au — u?) 2
Jau?

+ C.

v/ 2au — u?du
84. J’ B R

gs. f VvV 2au — uidu _ (2au - uy Lom - 3 f v/ 2au iluz du
= -

a(2m - 3~ a(2m — 3) u

86. f Ad—u.—zarccos(] —§)+C.

v 2au -~ u?

du
87. _— In(u + a + v 2au + u?) + C.
f v/ 2au + u’?

88. f F(u, v/ 2au + u®) du = f ffz — a, V z2— a* dz, wherez = u + a.

89.j _ udu = — V/ 2au - u2+aarcc05(1—l—l)+C.
V 2au — u? |
90 f;uzdu o+ 3aviZau - w3 EU'CCOS(I—E)+C.
v/ 2au - u? 2 2 a
j u™du umiy/ 2au — ut a@2m — 1) f u™' du
91. T = - +
v Zau — u? m m v 2au — u?
g, [ . du _  Viwmow o o
uy 2au — u? au
-J’ du vV 2au — u? m— 1 I du
93. —_—_——— = + -
u™y/ 2au -~ u? a(2m — I~ ai2m — 1) u™"/ 2au — u’
94. j du = i + C.
(2au — u?) 2 ahy/ 2au — u?
95 j' u du _ u L C

(2au — uy> ay/2au -
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Binomial Reduction Formulas

um Y a + bu)!
b{pq + m + 1)

. Am-g+ D) _r u™*(a + bu?” du.
b{pg + m + 1)

96. f u™(a + bufrdu =

u™ta + bu")f’_

97. u"(a + buf* du =
‘r ( ) pq + m + 1

I i N f u™ (a + bu?! du.

pq+m+ 1
du 1
8. | — = - — -
u™a + bu?) a{m Du™!(a + bur)
b(m—q+qu1)J' du
aim — 1) u™?a + bu*y
99, J’ du - |
u™(a + bus) ag{p — Du™'{a + bu?)!
+mgq+pq—1f du
aq(p - 1) u™a + bus)*!

wo. [ 4 - Ln(—)ic

u(@a + bu?)  ag a + bue
101. j’ {a + bu?) du L (a + bury
u™ am — T~
b(m -~ q - pg — 1 f fa + bu?)” du
a(m — 1) um
2. [ @ *+burrdu (@ * bur
u” (pg — m + Hu™!
N apq f (@ + hu#)* 'du
pgq — m + 1 u”
o3, [ o wdw o u
(a + bu¥)” b(m — pg + I){a + bu?)!
_alm - q + [} f u™ du
b{m — pgq + 1) (a + bu9)y”
o4, [ wrdw Rl

@ + bu)”  ag(p — D@ + bu)
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m+q—pq+1f u” du
ag(p — 1) {a + bu")™’

Forms containing a + bu £+ cu? {& > 0)

The expression a + bu + cu? may be reduced to a binomial by writing

b b? — 4ac
u=2z- —,k= -~
2c 4c?

Then a + bu + cu® = c(z* — k).

The expression a + bu — c¢u? may be reduced to a binomial by writing

' b b? + dac
u=7z+ J k= ———
2¢ 4¢?
The a+ bu — cu*=ck — z%.
105. du = 2 arc tan {290 Y L ¢ when b? < dac.
a+ bu + eu’ V dac - b? V4ac — b’
-~ - 2 _ .
i06. | du - : o (202D VBT 40 ) L hen b > dac,
a + bu + cu? Vb - 4dac 2cu + b + /b - dac
7. | 7"1”.&; S 1n( Vb’ + dac + 2eu - b ) v oC
a -+ bu — cu Vb2 + 4dac Vb + dac - 2cu + b
108. f (Mu_+ N) du = =M In(a + bu & cu?)
a + bu + cu? 2¢c

+

(xe ) f

a + bu + cu?

109. f vVa + bu + culdu = 2_(1"‘J4+—b\/a+bu+cu2
C
- ®- 4ac In{2cu + b + 2v/ev/a + bu + cu?) + C.

3

B¢ 2
110. f vVa+ bu— cutdn = 2Cl;;b\/awkbu—cul
C
F .
b +-£El—c- arc sin( Zeu b ) + C.
8¢ ¥z \Vb? + dac
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lll.f du :L!n(2cu+b+2\/?\/a+bu+cu2)+C.
vVa+ bu+ cu? Ve

112, j du = l arc sin —zil-ﬁi )+ C.

vVa+ bu— cu? Ve v/ b + dac

"3 f u du _ Va+bu + cu?
. va + bu + cu? C
_ b In(2cu + b + 2VEVa + bu + cu?) + C.

2e72

114. f u du _ _ Vaitbu-cu

vVa+ bu - cu? C
arcsin(zc—ui )+C.

b
2072 v/ bt + dac

+

Other Algebraic Forms

ns. | v g_i_sdu:\/(a+u)(b+u)

ta-mlog.Va+u+Vb+uw+C.

116. [\ H du = Vi@ — uib + u)
1

. +
+ {a + h)arcsin I

+b

117. j \/ ;%% du - V(@ Ff uy{b — ) — (@ + byarcsin \/ EJ:I:: + C.

118.I \ T+udu— VI —u + arcsinu + C,
- u
du = 2 arcsin \/ v-a ., ¢

Vi - a)d - u b - a

+ C.

|

b

no. J

MA 111 (H) 377



Exponential and Logarithmic Forms

120. { ewdu= < 4 ¢
a
bau
121. b du = + C
I alnb
122. f uess du = 2:—: (au — 1) + C.
123. f ue* du = wew _n I ute du
a a
utbe n
124. u"b* du = — u"tb®™ du + C.
f alnb alnb f
b=*du b alnb b= du
125. = - +
f u- (n — Lju"! n— 1 f u*!
126. f Inudu =ulnu - u + C.
27 [ wiwde=we [ 28 1 ] ¢
n+1 (n + 1)?
urn+1 n
128. u™In"udu = In"u — u™ In""' u du.
f m + 1 m + 1 f
e*Inu 1 e
129. e Inudu = - - 2 du.
J a5
0. [ —9% o+ C
ulnu

Trigonometric Forms

In forms involving tan u, ctn u, sec u, ¢sc u, which do not appear below, first use the relations

$I11Y U cOs U 1 1
tanuy = 2=, ¢thu = ——— ,secu = ,C8¢ U = —
CoS U sin u cos u sin u
131, f sinudu = — ¢cosu + C.
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132. f cosudu = sinu + C.
133. f tanudu = — Incosu + C = Insecu + C.
134, _J' c¢tnudu = Ilnsinu + C.
du
135. secu du = = In(secu + tanu) + C.
f f cos u ( )
uoon
= lnlan(£-+z)+c.
136. f cscudu = f 'du = In{cscu — ctnu) + C
sSin u
= In tanE + C.
2
137, f sectudu = tanu + C.
138, _r cscudu = —ctnu + C.
139. f secutanu du = secu + C.
140. f cscuctnudu = —cscu + C.
141. f sinfudu = 1—u - lsinZu + C.
2 4
142. j cos*udu = %u + isinZu + C.
" n+l
143, [ cosrmsinudu = - =¥ 4o
n+ 1
2
144, _r sinfucosudu = 22U 4,
n+ 1
145. I sin mu sin nu du = - sin (m + 1) u + sin (m — nju + C.
2(m + n) 2(m — n)
146. f cos mu cos nu du = 8 (m + mu  sin(m - LY
2(n + n) 2(m — n)
147 f sin mu cos nu du = — cos (m + nmju  {(cosm — nu + C.
2(m + n) 2(m — n)
148. f ——c-ill = 2 csc a arc tan {tan-l-a tanl-u) + C.
1 + cosacosu 2 2
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)3 +tan12atan£u

s9. | T in ( i te
149. cosa + cosu = cscaln l—tan-l—atan-u
2
2 1 , 1
{tan* — u < <ctn® - a)
2 2
o 1 1 , ] .1
= 2 c¢sca tanh (tanEataniu)+C(tan5u<cm-—a)
150. I _ﬁ—ﬁ=2cscaarctan{cscatanlu+ctna)+C.
1 + cosasinu 2
du i tana—tanlumseca
—_— = cscalm( )
151,_[ cosa + sinu )+C.
tana+taniu+seca
2

[(ctn a tan % u + csca)t <1]
= —2cscalanh™ (ctn a tan % u+cscay + C

[(ctn a tan % u+ csca)<1]

du | b tan u
152. f - = — arc tan + C.
atcos’u + bisin?u ab a
. @« (g sin nu — n cos nu .
153. f e sin nu du = e ) + C.
a* + n’
e (n sin nu + a ¢os nu
154, I e cos nu du = { ) + C,
al + n’?
155. f gsinuduy = sinu — ucosu + C.
156. j ucosudue = cosu + usinu + C.
Trigonotric Reduction Formulas
] sin"' U cos u n - 1 .
157. j smudy = — — — L+ —— f sin”™* u du.
I n
cos"' usin u n — |
158. f cos"udu = + J, cos™? u du.
n n
380
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1s9. f _du_ o covu "—-?I
n -

sin” u (n — l)sm"‘ u
du sin u -2
160, f - =
cos" u (n — 1)cos"'u n— 1
. cos™ ! u sin™t u m — 1 _ .
161. j cos” u sin” u du = + cos™ ™ u sin” u du.
m+ n m + n
. . sin™™' u cos™' n-—1 w2
162. cosmusin"udu = - — + cos™ u sin™? u du.
m + n m + n
du |
163. f - = -
cos™ u sin” u {(m — )sin"'ucos™ ' u
m+n — 2 f
+
m §™ 2u sin® u
du 1
64, [ — U . . L
cOs™ u sin” u (n — 1)sin"" ucos™ ' u
m+n— 2 J‘
+
n £Oos™ u sin"? u
165. j cos™udu cos™'u m-n+ 2 cos™ u du
sin” u (n - 1)sin"'u n—1 sin"?u
cos™ u du cos™' u m — 1 cos™*u du
166. - = - + .
sin” u {m — n)sin"'u m —n sin” u
167 f-sin"udu _ sin™' u n7m+2 f sin” udu
| cos™ u {m — 1) cos™'u m
sin” u du sin"™' u n-1 sin"? u du
168. J’ - 7 = - +
cos™ u (n — m)cos™'u n — m cos” u
n ta n—2
169. tan" u du = 1 tan
n —

nnl
ctn’ " u ff ctn™? u du.

170. ¢tn® u du
f n—1

e= cos" ' ufa cos u + 1 sin u)
a* + n?

an - 1) j e cos™? u du.

a4+ n?

171. _J’ e cos" udu =
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e*sin"'ufa sin u — n cos u)
al + n?

172. f e sin” u du =

n{n - 1)

f e" sin™"? u du.
a* + n?

m-1

u .
173. f u” ¢os au du = {au sin au + m cos au)

az
m(m - 1
_ mam =D f u™? ¢os aun du.
a2
um! .
174. _r u” sinau du = —— (m sin au — au cos au)
a
m{m — 1 .
- mim - D) f u™? sin au du.
a‘).

Inverse Trigonometric Functions

175. f arcsinudu = uarcsinu + V1 — u? + C.
176. I arccosudu = uarccosu — V1 — u? + C.
177. f arctanudu = varctanu — In\/1 + v + C.
178. f arcctnudu = uarcetnu + Iny/1 + u? + C.

;

179, f arc sec u du = u arc secu

=uarcsecu — cosh™u + C,

180. f arcescudu = uarcescu + In(u + Vu: — 1) + C

= uarcescu + cosh™tu + C.

Hyperbolic Functions

181. f sinh udu = coshu + C.

382

In(u + Vur — 1) + C,
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182.
183.
184.
185.
186.
187,
188.
185.
190.
191.
192.
193.
194,
165.
196,
197.
198.
199,
200.
201.

J
S
J
S
J
J
S
J
S
J
J
J
J
J
J
J
J
J
S
J

200. [

Ma 111

AR A 91 A A

cosh u du =

tanh u du =

ctnhu du =

sechudu =

csch u du =

sinhu + C.

In coshu + C.
Insinhu + C.

arc tan (sinh u) + C

In Lanh%u + C.

sech?u du = tanhu + C.

csch?udu = —ctnhu + C.

sechutanhudu = —sechu + C.

eschuctnhudu = —eschu + C.

sinh? u du =

cosh? u du

tanh? u du

sinhZuﬁ%u~:~C.

Bl ] -

sinh2u+%u+ C.

=u — tanhu + C.

ctnh?udu = u — ctnhu + -C,

u sinh u du

u cosh u du

= uc¢oshu - sinhu + C.

= usinhu — coshu + C.

sinh"udu = usinh™*u — V1 + u* + C.

cosh™ u du
tanh™' u du
ctnh™' u du
sech™ u du
csch™ u du
(4}

=ucosh™u — yu -1+ C.

:utanh“u+§ln(l - u?) + C.

= uctnh™u + _l;in(l —ul + C.
= usech™ u + gd (tanh™' u} + C

=usech?u + arcsinu + C.

= uwesch™'u + sinh™u + C.



sinh (m + n)u  sinh (m - nu
2(m + n) 2(m — n)

203. fsinh mu sinh nu du = + C.(m Zn)
sinh (m + nju sinh(m—.n)u + C (m>
| ( < Il)

204, Jcosh mu cosh nu du =
2 (m + n) 2{m — n)

cosh (m + mu cosh(m - mu . ¢ (m> )
. Zn

205. Jsinh mucoshnudu = 2 (m + n) 2(m - n)
du 1 1
= 2 csch a tanh™ (tanh —-utan —~a) + C.
206 J cosa + coshu csch a ( 2 2 )

207. _I du = 72 csc a arc tan (tanh ! u tan ! ay + C.
cosa + coshu 2 2

208. _J’ du = 2 ¢sc a tanh™ (tanh L u tan L a) + C.
1 + cosacoshu 2 2

(tanh? % u < ctn? -;— a)

e**(a sinh nu — n cosh nu
( ) +cC.

209, f e sinh nu du =
al —_ n?.

e* (a cosh nu — n sinh nu
( ) + C.
a! — n?

210, f e= cosh nu du =
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